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I. INTRODUCTION

In order to control a nuclear reactor properly, it is
necessary to know the response of the reactor to reactivity
perturbations. Because of this, the study of reactor re-
sponse has been an integral part of the developing reactor
technology, and it is the topic of this thesis.

The response of a reactor is usually given in terms of
the reactor transfer function (30, 38). The transfer func-
tion of any system is defined as the Laplace transform of
the output divided by the Laplace transform of the input.
For a reactor, the input is a reactivity perturbation and
the output is usually taken to be the change in the neutron
flux. Because it lends itself well to both analytical and
experimental treatment, one of the most common methods of
determining the transfer function of a reactor is to intro-
duce into the reactor, while it is in a steady-state con-
dition, a sinusoidally varying reactivity perturbation,
usually as a variation in the absorption cross section, and
then to determine the resultant flux change. When this is
done, it is found (38) that the flux also varies sinusoi-
dally with the same frequency as the input, but with a dif-
ferent amplitude and phase. This frequency response is the
magnitude and phase angle of the reactor transfer function.

A reactor concept which is becoming increasingly im-

portant in the light of recent developments, such as the



consideration being given to the idea of clustered nuclear
rocket engines, is the coupled-core nuclear system. A
coupled-core reactor has two or more distinct fuel regions
or cores, and they are coupled in the sense that some of the
neutrons produced in one core will diffuse to another core
and cause fissions there and vice versa. As Avery {2) has
pointed out, this concept could be applied to the separate
fuel elements in any reactor, but it is usually advantageous
to do so only when each core itself has an appreciable mul-
tiplication factor and is physically separated from the
other cores by a non-multiplying medium. Intuitively, it
can be seen that the frequency response of a coupled-core
reactor might be different from that of a single-core re-
actor, and it is the purpose of this thesis to propose a
method for determining that response.

In order to determine the frequency response of a re-
actor analytically it is necessary to develop a reasonably
accurate model of the reactor. For many reactors, the
spatially independent or point-kinetics equations (30) give
an adequate representation of the flux, and when the first
transfer function measurements were made in 1952 by Harrer
et al. (21) on the CP-2, good agreement was obtained with
their point kinetics model at the low frequencies (< 20
rad/sec) they investigated. However, as reactors have be-

come larger and more complex, it has been necessary to



include spatial effects when developing a reactor model.
Some of the early work done in this area was that of Henry
and Curlee (22) who proposed, in 1958, to handle spatial
effects by approximating neutron shape functions with a
series of time-independent calculations (a forerunner of
the time-synthesis technique). Since then, several dif-
ferent techniques have been proposed to approximate the
spatially-dependent flux, examples of which are given by
Kaplan (26), Kaplan et al. (28), and Lewins (33).

By far the most popular method of approximating the
spatially-dependent flux has been the modal analysis ap-
proach. In this method, it is assumed that the flux can
be approximated by the sum of a series of products of space-
dependent expansion modes and time-~dependent coefficients.
The problem is then to select appropriate space modes and
solve for the time coefficients. Many different space modes
have been proposed, but they can all be divided into two
basic types: the orthogonal modes, which are eigenfunctions
of the steady-state problem, and the non-orthogonal modes.
The orthogonal modes include the Helmholtz modes (16, 17),
the lambda and omega modes (28), and the natural modes (25).
The non-orthogonal modes include the Green's function modes
(15) and the time-synthesis modes (27, 29). In general, it
is arbitrary which type of space mode is used, but one type

of space mode may be better suited for a particular problem



than another type:; that is, the series of one type may con-
verge faster than that of another type.

As the different reactor models have been developed,
they have been used to determine the spatially-dependent
frequency response. The first attempt to determine this
response was made in 1948 by Weinberg and Schweinler (39)
who investigated only very low frequencies. Since that
time, in most of the analytic work done in this area, the
diffusion equations have been used as the model (32, 34),
with approximate solutions to them being obtained. Cohn
et al. (12) have proposed a complex formulation and have
used it with a time-synthesis approach; Hoshino et al.

(24) have formulated a method based on the modal expansion
technique; and Foulke and Gyftopoulos (18) have used the
natural mode approximation to find the response of a model
of the heavy-water NORA reactor. The only published ex-
perimental results of frequency response measurements are
those of Hansson and Foulke (20) who also investigated the
NORA reactor.

The first model for a coupled-core reactor was pro-
posed by Avery (3) in 1958. He wrote a point-kinetics equa-
tion for each core which included coupling terms to account
for the diffusion of neutrons from core to core. A somewhat
similar technique was proposed by Baldwin (4) who wrote a

one-group diffusion equation, including coupling terms, for



each core. Much of the work done on coupled-core reactors
(6, 36) has utilized the idea of treating each core as a
point, but recently, Yasinsky (42) has proposed a method for
finding spatial effects by utilizing a time-synthesis ap-
proach.

Little work has been published on the frequency re-
sponse of coupled-core reactors. Pluta (36), utilizing
Avery's method (3), investigated the response at low fre-
quencies (< 10 rad/sec); Seale (37), using Baldwin's method
(4), investigated a three-core system for frequencies up to
104 rad/sec; and Carter and Danofsky (9) made the first
study of the spatially-dependent frequency response by ap-
proximating the flux with Green's function modes.

The purpose of this thesis is to present a method for
determining the spatially dependent frequency response of a
coupled-core reactor. The pvarticular reactor chosen for
study is the Iowa State University UTR-10 (1), a description
of which is given in Appendix A. Fredquency response work
which has been done for the UTR-10 includes that of Danofsky
and Uhrig (14), Betancourt (7), and Merrit (35). To find
the spatially-dependent frequency response, Betancourt used
the natural mode appreximation and Merrit used the Green's
function mode approximation developed by Carter (8). The
results obtained by Betancourt and Merritt will be compared

to the results obtained here.



The method presented here consists of casting the two
group diffusion equations into the form of linear differ-
ential equations which can be solved exactly by the use of
the Green's function technique (13, 23). In order to do this,
it is assumed that the reactor power is low enough so that
no feedbackA(temperature, etc.) occurs. This method is sim-
ilar to that used by Banks and Blackshaw (5) and Kobayashi
and Nishihara (31) to obtain steady-state flux distributions.

This method is considered to be an improvement over the
modal analysis techniques since it does give an essentially

exact solution to the diffusion equations.



II. THEORY OF THE GREEN'S FUNCTION SOLUTION

TO A DIFFERENTIAL EQUATION

This section presents a review of the theory of the
Green's function solution to a differential equation which
is used in the following sections to solve the diffusion
equations. This review is based on material in Courant and
Hilbert (13) and Hildebrand (23).

The problem to be considered is solving the differen-

tial equation
Ly(x) + &(x) = 0 , (1)

where L is the linear, self-adjoint, differential operator

2
= S (4 - 9 dp 4
L = &gy + 2 = P2t && T (2)

together with homogeneous boundary conditions over the re-
gion of interest--that is, in the region a < x < b,

y(a) = y(b) = 0. The assumptions are made that in this
region p, %ﬁ, and g are continuous functions of x and that
p is not zero.

If a unit perturbation is introduced at some point g,
where a < ¢ < b, the effect of that perturbation at some
other point x can be denoted as G(x,eg). Thus, the effect
at x of the continuously distributed perturbation & can he
considered to be the superposition of the effects of an

infinite number of point perturbations, and the desired



solution will have the form

b
yv(x) = J‘ G(x,e)(e)de . (3)
a

The function G(x,eg) is called the Green's function, and for
a given number g, is given by Gl(x) for x < ¢ and by Gz(x)
for x > . The Green's function satisfies the following

conditions:

l. G(x,¢) satisfies the equation LG = 0; that is,
LG, = 0 when x < ¢ and LG2 = 0 when X > ¢.

2. G(x,¢) satisfies the prescribed homogeneous boundéry
conditions; that is, Gl(a) = 0 and G2(b) = 0.

3. G(x,e) is continuous at x = g; that is, Gl(s) =
Gé(é5; w

4. The first derivative of G(x,e) has a discontinuity

of magnitude - 1/p(e) at x = g; that is,

S - T ax = =1/ple).

The four conditions listed are used to determine G. Let
clu(X) be a nontrivial solution to LG = O which satisfies
the boundary condition at x = a; that is, u(a) = 0. Also,

let c.,v(x) be a nontrivial solution to LG = 0 which satisfies

2
the boundary condition at x = b; that is, v(b) = O. c, and

c2 are constants. The first two conditions are then satis-

fied if Gl = clu(x) and G2 = c2v(x), so that



Clu(X) . X < g
G = { (4)

c,vix) , x> ¢ .

2
¢y and c, are determined by using the last two conditions.

By Condition 3

clu(e) = c2V(e) or czv(e) - clU(s) = 0 . (5)
By Condition 4
dv du(eg) _
cz—aiﬁl - Oy = =1/p(e) . (6)

Equations 5 and 6 possess a unique solution if

u(eg) v(g)

This determinant, called the Wronskian, will not be zero
unless u(x) and v(x) are linearly dependent. If that is

the case, a Green's function in the normal sense will not
exist. For this exceptional case a generalized Green's
function can be defined, but since it is not relevant to the
development here, it will not be discussed further. The
value of the Wronskian for the normal case in which u(x)

and v(x) are linearly independent can be found by noting

that both u(x) and v(x) satisfy Ly = 0. Therefore,

4 .. du _
axPax) tau = O
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and

4 dv -
dx(pg;) + gqv = 0.

Multiplying the second equation by u and the first equation

by v and subtracting the results yields

4, dv a, du _ 4 av du _
Thus,
av du, _
(udx - dx) = A ,

where A is a constant. Thus, the value of the Wronskian is

dv(e) du(e) _ A
u(E) ax - V(G)_d—xj—' = p(s) . (7)

With this relationship, the solutions of Equations 5 and 6

become
o, = - vle) o = . ule)
1 A ! 2 A *

Thus, Equation 4 becomes

_u(x)vie) X < ¢

A ’
G(xl E) = { .
- L )X(X) ’ x > £

[In an actual problem for the solution of a Green's function,
u(x), v(x), and p(x) will be known; so that A can be evalu-

ated from Equation 7.]

Using the definition of the Green's function as given
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above, it can be shown, using only the elementary rules for
the differentiation of an integral with respect to a param-
eter, that Equation 3 is completely equivalent to Equation 1.
Thus, Equation 3 is the solution of Equation 1 and satisfies
the boundary conditions.

This method of solving a differential equation by using
the Green's function is not limited to second order equations.
An analogous procedure can be used in solving a boundary-
value problem consisting of a differential equation of order
n and relevant homogeneous boundary conditions. Considering

the equation
Ly(x) + o(x) = 0 , (8)

where now L is an nth order differential operator, the cor-

responding Green's function,

Gl(X) ’ X < g
G(X,s) = { ’

satisfies the following conditions:
l. For x < g, Gl satisfies the equation LG1 = 0. For
X > €, G2 satisfies the equation LG2 = 0.
2. Over the interval (a,b), Gy satisfies the prescribed
homogeneous boundary condition at a, and G2 satisfies

the corresponding condition at b.
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3. G(x,¢) and ite first n-2 x-derivatives are con-
tinuous at x = ¢.

4. The (n--l)th x-derivative of G(xX,¢e) has a discon-
tinuity of magnitude -1/s(x) at x = € where s(x)

is the coefficient of a%/dx™ in L.

These are the generalized conditions for a Green's func-
tion, and it is readily seen that those conditions given
previously are merely the application of these to a second-
order equation. Under these conditions the solution to Equa-

tion 8 can again be written as

> b
y(x) = J G(x,el@(e)de .
a

A special case of particular interest is when the driv-

ing function &(x) is a delta function; that is,
o(x) = o(x-x') , a<x’ <b .
In this case the solution, Equation 3, becomes

b

y(x) = J G(%,e)6(e-x')de = G(x,x") (9)

a
since
® ., x=x' b

d(x-x") and j S(x-x')ax = 1 .

il
s
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Thus, if @(x) is a delta function, the desired solution
is identical with the Green's function, and the integra-

tion step is bypassed completely.
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APPLICATION OF THE GREEN'S FUNCTION THEORY

TO A SLAB REACTOR

In utilizing the theory of the Green's function to de-

termine the spatially dependent frequency response of a re-

actor,

a bare, homogeneous,

investigated first.

delayed neutrons, was used to keep the model simple.

semi-infinite,

slab reactor was

One-group theory, with one group of

Table

1 (2) contains the critical nuclear parameters for this re-

actor.
Table 1. Slab reactor parameters
-1 =1 2
D(cm) Za(cm ) Zf(cm ) Neutron T (cm®)
velocity
(cm/sec)
0.2712 0.09235 0.0591 2.2 x 10° 42
Thickness § A (sec™d) v 8% (cm™?)
of slab
(cm)
30 0.0064 0.08 2.5 0.010966

With these parameters the reactor is exactly critical, which

is very important; because it was found that, especially at

low frequencies, the frequency response of this reactor (and

also the UTR-10 model) is very sensitive to criticality.
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A sinusoidal variation in the absorption cross section
Za was assumed to occur in a plane at the exact center of
the reactor. 1In an actual experimental set-up this could
be approximated by using a small neutron-absorber oscillator.

The basic diffusion equations are

2 2 2

L _ 5 g+ yr(1-B)e B Ty + pee BT - 138 (10)
dx2 a £ v ot
- 2C
VZfB¢ - )\.C - 3t ’ (ll)
where the symbols have their usual meanings. The term
2
e B°T accounts for the leakage of fast neutrons. With a
small perturbation in Za'
Za = 2,0~ Aza ’ (12a)
then
g = @+ nd (12b)
and
C = C,+aC . (12¢)
zao' ¢6, and CO are the steady-state values. Substituting

Equations 12 into Equations 10 and 11, noting that the steady-
state parts of the equations sum to zero, and assuming the
product AZaA¢ is negligibly small, leads to the resultant

equations



léa

2
Déi§é¢ - ZaoA¢ + A2a¢6 + vZf(l-B)e'B-7A¢ + MC = % St

vEgpAg - aac = L5 (14)

As stated, the perturbation Aza was assumed to be
sinusoidal and to occur in a plane. This can be expressed
mathematically as

jot

AZ_ = lim g; {Uy (x=[x" ¢ D -U, (x=[x"+y ] } | 4T | e ,
Y—+0

where Ul and U2 are unit step functions,

x’ location of oscillator in the reactor,

Y small unit of length,

8% = (2y) (AZ)) which is the total absorption prob-

ability of the oscillator (39),

w = frequency of oscillator,
and
i =1 .

As v approaches zero the expression

é%{Ul(x-[x'—Y]) - Uy (x-[x"+y]) }
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becomes identical with 8 (x-x’) (41):; therefore

AZ, = b(X—x')lAEal ej”? . (15a)
Thus,

AF = AB(x,w)el®t (15Db)
and

AC = aC(x,w)el®t (15¢)

where A¥ and AC are the complex amplitudes of A@ and AC
respectively.

After substituting Equations 15 into Equations 13 and

14 and dividing out the common factor ert, the resultant

equations are

2 2 .
d ~ -~ , - -B T
Dg;5A¢ - D A8 + b(x-x")[AT,_|F + vIg(1-Be AG

+ xAEe' = l@aﬁ (16)
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vszA¢ - NMAC = joAC . (17)

Solving Equation 17 for AC and substituting into Equation

16 yields

d2 ~ 2 lA_z l¢

a o ’ —
S08 + BIAB + —p—o(x-x') = 0 , (18)
where
2
-B"T
2 AvZBe ;
2 _ 1 -B%T f Jw
Bm - D{-an + sz(l—ﬁ)e + A+ jw Y .

Equation 18 has the same form as Equation 1 with the
driving function @ equal to

légglggb(x—x') .
Thus, the solution for Aé can be obtained by the Green's
function method; and since 2 is a delta function, the solu-
tion is

. a3 _|g

N = ———ﬁ%——gG(x,x') , (19)

where G is the Green's function.
To obtain the Green's function it is necessary to apply
the four conditions listed in Section II. Thus, from the

first condition

2
a 2., _
<=6 +BG = 0 . (20)

dx
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The solution to Equation 20 can be obtained by using the

ordinary techniques for solving a differential equation (41).

Thus,
jB_Xx -jB_x
m
Gl = Ale + A2e , X < x!
jB_x -jB_x
G2 = A3e mey A4e m . X > X' .

The Ai are determined by applying the remaining conditions

on the Green's function; that is,

G, = O at x = 0 ,
G2 = 0 at x = 30 cm ,
G, = G,at x = x = 15 cm ,
and
dG dGc
2 1 — ’
ax ~ ax - -1 at x = x
since p(x’) = 1. These conditions lead to a system of four

simultaneous, algebraic equations in the Ai from which the
values of the Ai can be found. Thus, the solutions for A¢

are (from Equation 19)

- |as_ |2 jB_x -jB x

_ a'" o m m '
A = —p—[ae + Aje ] for x < x (21a)
~ laZ_ |2, jB x -jB X
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Since the solutions for Ab (Equations 21) are continuous in
x, it is possible to find the frequency response at any point
in the reactor. Since Ab is complex, it can be written as
Ab = a + jb, where a and b are real numbers. With this defi-

nition, the magnitude or gain of the response in decibels is

Mag. = 20 1oglO,Ja2 + b2 ’ (22a)
and the phase angle in degrees is

_ 180 -1 Db
Phase = e (tan 5 . (22b)

In solving for A¢ it is necessary to obtain the square
root of the complex number Bé, where Bi can be written as
c + jd [c and 4 are real numbers]. The method used was that

of Churchill (10); that is,

B = r\/;[COS?—.*——ZTr—k' + Sinw] , k=0,1,
m 2 2

where
r = ch + d2 and e = tan—l % .

This method was used because it is more accurate, especially
at low frequencies, than the subprogram for obtaining complex
square roots available from the computer.

The results obtained for the frequency response of this
slab reactor are shown in Figures 1 and 2. Although some

space dependence can be seen, many similarities are evident
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between these results and the space independent case. The
transfer function as derived from the point kinetics equa-
tions is (38)

n,(jw + \)
JjoA(Go+B/A)

where A is the neutron lifetime. For this reactor, A is

> sec (2). A magnitude plot of the space inde-~

4.76 x 10~
pendent transfer function would indicate break frequencies

at A\ and B/A. For this reactor, A\ = 0.08 and B/A = 134

which agree very closely with the break frequencies in the
results shown. In fact, below a frequency of about 500
rad/sec these results are almost identical with the space
independent case which is as expected. Similarly, the phase
angle response is almost identical with the space independent
response below 500 rad/sec. The space dependence of the re-
sults is evident mostly in the difference in the response

at the position of the oscillator and at all other positions.
The gain at the position of the oscillator decreases much
less rapidly with increasing frequency than at the other po-
sitions, and the phase angle at the oscillator position
asymptotically approaches -45° with increasing frequency
whereas at the other positions the phase angle continuously
decreases. This phase angle response at high frequencies

for all positions is the greatest departure from the space
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independent case in which the phase angle asymptotically
approaches -90° at high frequencies. The difference in

the response at the oscillator position is probably due to
a resonance effect in which the effect of the neutron per-
turbation is being reflected back to the source of the per-
turbation. The frequency response is symmetric about the

center of the reactor as expected.
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IV. APPLICATION OF THE GREEN'S FUNCTION THEORY

TO THE UTR-10 MODEL
A. Description of UTR-10 Model

In developing a model of the UTR-10 reactor, some sim-
plifications were made, but it is felt that the results are
still representative of the actual UTR-10. Danofsky and
Uhrig (14) and Merritt (35) have shown that the flux tilt
in the UTR-10 has a negligible effect on the frequency re-
sponse; therefore this model was developed with no flux
tilt, which greatly simplified the calculations. The two-
group diffusion equations with one group of delayed neutrons,
Equations B.l - B.3 of Appendix B, were taken as the basis
for this model. 1In using these equations, it is assumed that
there is no absorption of fast neutrons and only slow neu-
trons cause fissions. A one-dimensional analysis was per-
formed, but the transverse buckling was used to account for
the neutron leakage through the top, bottom, and two sides
of the reactor. The value of the transverse buckling has
been found by Merritt (35), who made a horizontal and verti-
cal flux map through a core tank, extrapolated the fluxes to
zero, and obtained the buckling in each direction by assuming
the flux obeyed equations of the form

gly) = A; sin Byy
@(z)

Az sin Bzz -
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The total transverse buckling, which is the sum of the y and

z components, was then found to be

B2 = B2+Bi = 0.00216 cm~2 .

Figure 3 shows the one-dimensional representation of the
UTR-10 which was used for this analysis. The oscillator po-
sitions, which correspond to possible access points in the
UTR-10, are as follows: 1) 12 cm from the south core tank
in the south reflector, 2) in the center of the south core
tank, and 3) in the center of the coupling region. The de-
tector locations are positioned in all models used in this
study so that A and E are 20 cm from the south and north core
tanks respectively and B, C, and D are located in the center
of the south core tank, coupling region, and north core tank
respectively.

Table 21 contains the critical, two-group, nuclear

parameters for this model of the UTR-10.
B. Derivation of Green's Function Solution

Under the assumptions that the reactor is operating
initially in a steady-state condition at a very low power

so that there are no feedback effects and that a localized,

lDanofsky, R. A., Ames, Iowa. Results of reactor
analysis. Private communication. 1969.
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Table 2. UTR-10 reactor parameters

Reactor Region
parameter south south coupling north north
reflector core region core reflector
DF(cm) 1.016 1.23 1.016 1.23 1.016
Ds(cm) 0.840 0.1894 0.840 0.1894 0.840
zr(cm'l) 0.00276 0.0267 0.00276 0.0267 0.00276
Za(cm"l) 0.00024 0.09079447 0.00024 0.09079447 0.00024
-1
vzfis(cm ) 0.0 0.122 0.0 0.122 0.0

VF(cm/sec) 4.4 x lO8

vS(cm/sec) 2.2 X 105

B 0.0064

N (sec-l) 0.08

sinusoidal perturbation in the absorption cross section is
introduced into one core, Equations B.20 - B.23 of Appendix
B are obtained. This case corresponds to having the oscil-

lator at position 2.

Thus, to solve for the flux changes in the north core

[[dtaf[¢éof6(X—x’) = 0 since x# x'] ,

the relevant equations are
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2
d ~ 2 A ~ _
2 0%~ KpetPpe * HioPe 7 O (23)
—@-z—?d _K2*¢ +HA¢' = 0 (24)
dsz Sf Sfi¥sE 8% T ’
where
2 1
"—(Z + '—Q) ’
KFf DFf rfe Vg
2 1 Jw
K = —=—(= + =) ,
St DSf afe Vg
PNCRTD I
_ 1 fis
Hl = DFf[VEfis(l—B) + )\ + _jCD ’
and
o - lrf
2 DSf

(See Appendix B for further definitions.) Equations 23 and
24 form a simultaneous set of differential equations which
can be solved by ordinary techniques (41) as shown below.

Thus, solutions of the form

e = ae** (25a)

~

¢ OX
A¢éf Ale (25D)

"

are assumed. Substituting Equations 25 into Equations 23

and 24 and dividing out the common factor e* leads to the
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following set of algebraic equations:

(26)

I
o

2 2 ,
(a® - KFf)A + HjA

2

i (27)

1}
o
.

HA+ (¢ - K2 )A’

2

Non-trivial solutions for A and A’ will exist only if the
determinant of the coefficients of Equations 26 and 27 is

zero; that is,

2 .2
* e B —4(2+K2)2+ 2K2 H.H, = O
2 2| =@ - KgetKgela + RpeRge - HiHy =
H a =K
2 Sf
Therefore,
2 2 2 2 2 2 > 2
a® = 1/2[(Kpg+Kgg) + W(Kpe+ Kge)® - 4(KpeKge ~HiH)) ]

and the four values of o are:

' 1/2
ay = [1/20kG; + KEML/2J(KE -+ KE0)? - 4(KpoKgy - HyHy) ]
(28)
('12 = _al (29)
1/2
a3 = [1/2“&%f+K§3"1/2“/‘K§f+K§f’2 - 4(K§‘EK§f'HlH2)]
(30)
= (31)
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Thus, the solutions, Equations 25, become
a.X a,X a.X a,x
P _ 1 2 3 4
A¢ff = Aje + Aje + Aje + Age (32a)
- a; X a,X a-X aaX
~ e L )2 )3 P (32Db)
Agsf = Ale + Ade + Aje + Aje .
It may be shown that only four of the eight constants in
Equations 32 are independent.
Equations 32 are the complete and most general solu-
tions of Equations 23 and 24, but permissible solutions are
¢ - a1x “ - art1¥ ; ;
also Aﬂff = Aje and A¢Sf = Aje . Substituting these

into Equa

yields
2
(a

Defining

then

tion 23 (or Equation 24) and dividing out eF1¥

Al 0

2
KFf)Al + H1 .

a coupling coefficient

AI

—

(33)
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The coupling coefficients are not arbitrary since they de-
pend on the reactor parameters. Therefore, the solutions,

Equations 32, become

- a;X @ X ©agX a4 %
A¢ff = Ae + Aje + Aje + Age (34a)
A ayX o X a 4% a, X

A¢Sf = SlAle +-SZA2e +-SBA3e +5,8,e . (34b)

It can be noted in passing that inspection of Equation 33
reveals that Sl = 82 and S3 = S4.
To solve for the flux changes in the graphite moderator

regions, the relevant equations are (from Appendix B)

2 .

:x2A¢Fm - Koo = O (35)
L W S R 38
dsz sm ~ “sm®”sm 3% < ‘
where
2 1 Jo
= =5, _+ 3
KFm DFm rme vF
2 1 Jw
K = _—_'(Z +—_) ’
Sm DSm ame Vg
and
H - il:—r--rl
3 D °
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Equation 35 can be solved directly using the method of
Glasstone and Edlund (19). Thus,

N X - X
%o %en o)

A¢fm = E,e + Eje .

The solution for the homogeneous part (first two terms) of
Equation 36 has the same form as Equation 37, and thus, the

general solution to Equation 36 is

A Ko X ~Kq, X N ,
A¢Sm = Eje + Eze + 55A¢fm , (38)

where 85 is a coupling coefficient. 85 can be evaluated

using a procedure similar to that used to evaluate Sl - S4

as is shown below.

Equation 38 is the complete and most general solution

A

to Equation 36, but a permissible solution is A¢Sm = SSAgfm'
Substituting this into Equation 36 yields

2 A ~
d 2 o _
SSdX2A¢fm - KSmSSA¢Fm + H3A¢f‘m = 0 . (39)

By Equation 35,
2
a7 - x2 .
a 2A¢Fm - KFmA¢fm !
X
therefore Equation 39 becomes

~

2 - 2 _
SSKFmA¢Fm - SSKSmAﬁFm + H3A¢f'm = 0 .

Thus,
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H3
SS = KT————z— . (40)
Sm KFm

85 depends on the reactor parameters, so it is not arbitrary.

The solutions in all three moderator regions have the
same form as Equations 37 and 38, but they are not identical.
To account for their differences, the solutions for these
three regions can be written as follows:

Solutions for south reflector:

A¢Fm = Ele + Eze

KF X —KF X K. x -K_, X
- N m m Sm Sm
A¢Sm SgE e + S E,e + Eje + Eye .

£, = Cpe + Cye
_ Fm Tm Sm Sm
A¢ém = SgCe + 85C,e + Cye + Cye .

-~ X - X
KFm KFm (433)

A¢fm = Fle + F2e

N KF X -KF X K. x -K_. X
_ m m Sm Sm

A¢Sm = SgFje + S;F,e + Fqe + Fye .

(43Db)
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To solve for the flux changes in the south core, the

relevant equations are (from Appendix B)

2

d ~ ~ A~ _

2% ~ Kpebfpe * Hafse = O | (44)
2 . a ~ IAs_ ol @

d ’

g;{EA¢Sf - KSfA¢Sf + H2A¢Ff + g:f SOf6 (x—x ) =0 .

(45)

KFf' st, Hl’ and H2 have the same meahings here as they do
in Equations 23 and 24. The values of lAEafl and ¢Sof are
arbitrary (providing lAEafl is small):; therefore they can be
adjusted so that

| A% 6l Boog

Dge

Thus, Equations 44 and 45 can be rewritten as

2

d 2 ~
4 _ H B 0 0
2 Keeg Hy vE
+ = . (46)
H iﬁi-— 2 Ab 5 (x-x") 0
2 de SE Sf

Equation 46 has the same form as Equation 1 with

2
- d 2
——— - K H
dx2 £ 1
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~

A¢Ff
Y = R ¢
Mo
and
0
o = .
5 (x-x")

Thus, it should be possible to obtain a Green's function
solution to Equation 46, and since ® is a delta function,
the solution should have the same form as Equation 9; that
is, AbFf = Gp and Absf = Gg-

Proceeding in a manner analogous to the solution of the

slab reactor, the first condition on the Green's function

requires
d 2
—_— H G 0
052 Kpe 1 F
2
d 2
H — = K G 0

Equation 47 is identical to the set, Equations 23 and 24:;
therefore the solutions will have the same form as Equations

34. Thus, for x < x’

~ alx azx a3X a4x
GF]. = A¢Ff = Ule + U,e + U3e + U4e (48a)
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Ggy = A¢Sf = S,U,e + S,U e + S3Uje + S,U,e .
(48Db)
and for x > x’
~ alx azx a3x a4x
Gp, = Mpp = Vye + V,e + Vye + Ve (49a)
~ a.X oA X aLX ayg¥x
- - 1 Vo 2 3 4
Ggy = Mg = S51Vp€ + 5,Ve + 85Vje + 5,V,e .
(49Db)

The continuity conditions on the fluxes and currents
at the various region interfaces have the effect of con-
tinuing the left and right hand parts of the Green's func-
tion out to the reactor boundaries, which allows the second
condition on the Green's function to be fulfilled. For ex-
ample, going from the south core to the south reflector and

then to the south boundary yields the following relationships:

At x = Xy (see Figure 3)

AP (D) = L (ID)
or
Kem®1 “Kem*1 ay¥y ay%y a3¥y ag¥y
Ele *—Eze = Ule 4—U2e +-U3e 4—U4e
and
5 dAA{ZFm(I) . dz;Q'Ff(II)

Fm dax Ff dx
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or

Ken®1 “Kem*1 @)Xy
DenE1Xpm® = DppEoKpp® = DpgUjoqe

X X a X
271 371 471
+ DFfUzaze + DFfU3‘I3e + DFfU4a4e .

~

Similar expressions hold for A¢Sm(1) and A¢sf(II)'
At x = 0O,
AL (I) = 0

or

KFm(O) _KFm(O)

+ E,e =E1+E2=0.

E,e 2

A

A similar expression holds for A¢sm(1). Analogous expres-—
sions hold at the region interfaces in going in succession
from the south core to the coupling region to the north core
to the north reflector to thé north boundary. Thus, the
second condition on the Green's function is fulfilled; since
in the south reflector, the Green's function is represented
by Ame(I) and Abéa(l) which go to zero at x = 0 and in ﬁhe
north reflector, the Green's function is represented by
Abfm(v) and AbSm(V) which go to zero at x = Xg = 285cm.

The third condition on the Green's function requires

that at x = x’ (oscillator position 2)

G

Fl(x') =. GFZ(X')
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and
Gsl(x ) = Gsz(x') .

The fourth condition on the Green's function requires

that at x = x’

dGFz(x ) dGFl(x ) = o
ax - ax -
and
dGSz(x') _ dGSl(x') N

ax ax

These relationships are based on the intuition that the fast
flux should not have a discontinuity in its first derivative
from a perturbation in the slow absorption cross section,
and this is proven to be correct in Appendix C which shows
that this formulation is equivalent to the Green's function
solution of the fourth-order differential equation resulting
from the combination of the two-group diffusion equations.
~Thus, in the set of solutions for the flux changes in
the five regions of the reactor (Equations 34, 41, 42, 43,
48, and 49), there are 24 independent and undetermined con-
stants, but there are also 24 conditions (Green's function
and continuity conditions) available to solve for them.
Therefore, each of these constants may be determined uniquely
so that the solutions can be obtained for any point in the

reactor.
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Analogous to the case of the slab reactor, the solu-

tions A@. and A@. are complex; therefore they can be written
F S

as

A¢F = a; + jbl

A¢é = a, + jb, .

Thus, the magnitude of the response in decibels is

Fast Mag. = 20 logloJai + bi (50)
Slow Mag. = 20 1oglOJa§ + bg , (51)

and the phase angle in degrees is

b

Fast Phase = l%g(tan"l —l) (52)
180 1 D

Slow Phase = —F—(tan- —=) . (53)
a

C. Frequency Response Results

The frequency response of the slow group was obtained
at detector positions A, D, and E with the oscillator at
position 2. The relative magnitude of the response is shown
in Figure 4 and the phase in Figure 5. Also plotted in these

figures are the results obtained by Merritt (35) for this same



case, using the Green's function mode approximation. Merritt
has normalized his results (both magnitude and phase responses)
to single curves at low frequencies. For the results obtained
here it was decided to show the spread of the response curves
at low frequencies:; therefore the only normalization performed
here was to set the magnitude response at 10_2 rad/sec for de-
tector position A to O db.

As in the case of the slab reactor, these results at
low frequencies are similar to the space-independent model,
as expected. The phase angle approaches -90° at low fre-
quencies and the magnitude response shows a break at
A(0.08 rad/sec) in accordance with the space-independent
model.

Danofsky and Uhrig (14) have shown that the break fre-
quencies of the magnitude response of the UTR-10 reactor
still occur at \ and 8/A. Since B/A for the UTR-10 is in
the 30-60 rad/sec range, the results here are in excellent
agreement with that analysis.

In comparing these results with those obtained by
Merritt (35), there are several noticeable differences.
At low frequencies, the phase angle obtained from the
Green's functionbmode approximation decreases to less than
-110° instead of approaching —9007 and at high frequencies,
with the possible exception of position D, the phase angles

are decreasing steadily. The results obtained here indicate
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that the phase angles are approaching asymptotic values
at high frequencies, which is the expec:ed behavior (35).
The results obtained by Betancourt (7) for this case, using
the natural mode approximation, do not show as great a phase
angle decrease at high frequencies as the Green's function
mode approximation, but neither do they show the phase angles
approaching asymptotic values.

The magnitude response determined by the Green's func-
tion mode approximation shows a sink effect at about 2000
rad/sec at positions D and E, with the sink at position E
being more pronounced. The results obtained here at those
two pcsitions show inflection points in the response curves
at that same frequency, with the inflection at position D
being more pronounced. The results obtained by the natural
mode approximation do not show a sink or inflection point
in the magnitude response curve for position D, but they
do show a sink effect at slightly less than 1000 rad/sec in
the response at position E. The possibility that the sink
phenomenon actually exists is not without precedent, as is
pointed out by both Betancourt (7) and Merritt (35), but
Betancourt also acknowledges that the modal approximations
may have convergence problems at these frequencies.

However, although the three methods are not in good
agreement, they all do predict some sort of unexpected be-

havior; and thus, it is likely that some unexpected
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phenomenon is occurring at these frequencies. Merritt (35)
has suggested, as a possible explanation, that the fast group
perturbation from the south core is thermalized in the north
core; and at a frequency of about 2000 rad/sec (calculated
from the perturbation transit time from the south core to the
north core), is 180° out of phase with the slow group pertur-
bation propagated to the north core. This would have a partial
cancellation effect (complete cancellation could occur only if
the amplitudes were exactly the same) on the magnitude response
and could account for a sink; since as the frequency increased,
the thermalized fast group perturbation would become less out
of phase with the slow group perturbation, which would have an
additive effect on the magnitude response. However, as Merritt
(35) has pointed out, the actual formation of a sink would re-
quire that the amplitudes of the thermalized fast group per-
turbation and the slow group perturbation be very nearly the
same. If there is a significant difference in these ampli-
tudes, the effect would only be a slight flattening of the
magnitude response curve, which is the result predicted in
this study.

Although a detailed analysis of the frequency response
in this frequency range would be desirable, it is beyond the

scope of this work.
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V. PARAMETRIC ANALYSIS OF A COUPLED CORE REACTOR

Using the UTR-10 model (as described in Section IV) as
a basis, the effects of various parameters on the frequency
response of a coupled-core reactor were investigated with
the Green's function solution technique developed in Section
IV. The parameters chosen for study were 1) oscillator and
detector position, 2) the effect of neglecting delayed neu-
trons and considering 1/vf to be negligibly small, 3) neutron
energy group, 4) neutron group speeds, 5) the delayed neutron
fraction B, and 6) coupling region width. These parameters
were chosen because it was felt that their effects might be
important. Merritt (35) has investigated the effects of some
of these parameters using the Green's function mode approxi-
mation, and where possible, comparisons will be made between

his results and those Obtained here.
A. Effect of Oscillator and Detector Position

In the UTR-10 reactor there are three potential oscil-
lator positions of particular interest, as shown in Figure
3. As noted before, these positions are 1) 12 cm from the
south core tank in the south reflector, 2) in the center of
a core tank (the south core tank was used), and 3) in the
center of the coupling region.

The spatial dependence of the frequency response was

investigated by determining the response at the five detector
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locations A-E shown in Figure 3. As noted before, A is 20
cm from the south core tank in the south reflector, E is 20
cm from the north core tank in the north reflector, and B,
C, and D are in the center of the south core tank, coupling
region, and north core tank respectively.

Figures 6-11 show the magnitude and phase of the fre-
quency response at detector positions A-E with the oscillator
at positions 1-3. Inspection of these figures reveals that
in all cases the response at frequencies below ~ 10 rad/sec
is nearly identical with that of the space-independent model.
Also noticeable for all cases is the resonance effect in the
magnitude and phase when the oscillator and detector are lo-
cated at or near the same point. This effect has also been
found in conventional reactors (20). Inspection of the mag-
nitude response curves also shows that at positions far from
the oscillator the value of the B/A frequency break is more
consistent (~ 50 rad/sec) and greater than at positions
close to the oscillator. This behavior has also been noted
in the analysis of conventional reactors (34).

With the oscillator at position 1, the magnitude re-
sponse curves at detector positions D and E show the same
type of inflection points at the same frequency (~ 2000
rad/sec) as do these two curves when the oscillator is at
position 2. The phase angle éﬁrves for these two cases also

show inflection points or actual phase reversals at this
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same frequency. It is reasonable that this behavior should
also occur with the oscillator at position 2; since at both
locations, the response at D and E is the result of the
perturbation propagating through the south core, coupling
region, and north core. That this behavior occurs only at
D and E indicates that the cause is some kind of interaction
phenomenon between the two cores. The results obtained by
Merritt (35) at these two oscillator positions are in good
agreément with the results obtained here at detector posi-
tions A, B, and C. However, at positions D and E with the
oscillator at position 1, Merritt's results for the magni-
tude and phase show no unusual behavior. Merritt's results
at D and E with the oscillator at position 2 are shown in
Figures 4 and 5, and the outstanding feature of those curves
is the sink in the magnitude response at 2000 rad/sec.

With the oscillator at position 3, the responses are
similar to those of two identical, reflected slab reactors:;
since both cores are being perturbed equally instead of, as
in the previous cases, one core being driven by the other.
The results obtained by Merritt (35) for this case show the

same type of behavior as the results obtained here.
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B. Effect of Neglecting Delayed Neutrons

and Considering l/vF to be Negligibly Small

The approximations of neglecting delayed neutrons and
considering 1/vF to be zero were chosen for study, because
at the frequency (~ 2000 rad/sec) at which the inflection
points occur in the response curves for detector positions
D and E, the effect of these parameters should be negligible.
The effect of these assumptions on the UTR-10 model is to

change Equation 23 so that

> Vo
K;f - Drfe and Hl _ Dfls .
FE£ FE

With these changes, the frequency response above 10 rad/sec
was the same as before.

Thus, these parameters can definitely be eliminated as
possible causes of the unusual behavior in the response
noted above. Also, this shows that the UTR-10 model is giv-

ing results which are consistent with the expected behavior.
C. Dependence on Neutron Energy Groups

With the model being used in this study, the dependence
of the frequency response on the neutron energy group can be
checked for only the fast and slow groups. Figures 12 and
13 show the magnitude and phase of the fast group frequency

response at the five detector positions A-E with the
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oscillator at position 2. Figures 8 and 9 show the cor-
responding slow group responses.

In comparing the fast and slow group responses at each
detector position, it can be seen that at low frequencies
the responses are generally the same, and at high frequencies
the fast group tends to show a greater magnitude response and
less phase shift than the slow group. A similar effect was
found by Merritt (35), and as he pointed out, it is caused
by the fast group's larger velocity and correspondingly
greater attenuation length.

The fast group magnitude response curves for detector
positions D and E show the same kind of inflection at
~ 2000 rad/sec as do the slow group curves. The fast group
phase curves for these positions also show phase reversals
at this frequency. This behavior is not surprising since
the fast group response at these positions is caused by the
oscillations of the slow group in the north core. This is
so because the fast group oscillations from the south core
are completely thermalized by the time they reach these

positions.

D. Dependence on Neutron Group Speeds

The dependence of the frequency response on the neutron
group speeds was determined to make possible another compari-

son between results obtained here and those obtained by
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Merritt (35) using the Green's function mode approximation.

The comparison value of Vp used here and by Merritt
(35) was 3.0 x 10° cn/sec. With this value of v, there was
practically no difference in the frequency response at low
frequencies. At high frequencies, especially at detector
positions far from the oscillator, the use of this value of
Vp resulted in larger phase shifts. Merritt (35) obtained
these same results with this value of Vg

The comparison value of Vg used here and by Merritt
(35) was 3.0 x 105 cm/sec. The results obtained here and -
by Merritt (35) were that, with this higher value of v,
there was less attenuation of the magnitude response and
less phase shift. This same effect (on a larger scale) was
found when studying the fast group response, and as noted
there, it is caused by the greater attenuation length of
the neutron wave perturbation. Also, with this higher value
of Vg the inflection point, found previously at ~ 2000
rad/sec, in the magnitude response curves at detector posi-
tions D and E with the oscillator at positions 1 or 2
occurred at a higher frequency (~ 3500 rad/sec). This shows
that the cause of this phenomenon is in the slow group:

since the fast group response curves showed this behavior

at the same frequency as the slow group response curves.
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E. Dependence on Delayed Neutron Fraction

Inspection of the transfer function

¢o Jo + N

7T[jw(jw + 571)] ’

which was found by Danofsky and Uhrig (14) to be applicable
to the UTR-10 reactor with no flux tilt, reveals that if 3 is
increased the B/A frequency break of the magnitude response
curve will occur at a higher frequency and the magnitude will
be slightly less at frequencies less than ﬁ/A.

In order to determine whether or not the UTR-10 model
developed here would show this effect, the value of B was
increased to 0.0075. The results obtained predicted this
effect exactly, which again shows that this model is giving

results which are consistent with expected behavior.
F. Effect of Coupling Region Width

As the coupling region width was changed, the locations
of detector positions C, D, and E were adjusted so that they
always remained in the center of the coupling region, in the
center of the north core tank, and 20 cm from the north core
tank in the north reflector respectively.

The frequency response at detector positions A and B
showed almost no change as the coupling region width was

changed. The magnitude and phase of the frequency response
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at detector positions C, D, and E as the coupling region
width was increased from 25 to 75 cm are shown in Figures
14-19. 1In general, as the coupling region width increased
there was a greater magnitude attenuation and phase shift.
As the coupling region width increases, the inflection
point in the magnitude response curves at detector position
D becomes more pronounced until, at a width of 75 cm, an
actual sink occurs. Thus, whatever is the cause, this be-
havior is.strongly dependent on the coupling region width.
The magnitude response at detector position E is similar to
that at D but is less pronounced. This indicates that the
response at E is merely the attenuation of thé effect

originating in the north core.
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VI. CONCLUSIONS

As a result of this study, the following conclusions

can be drawn concerning the frequency response of a reactor:

1.

The Green's function solution technique proposed
here gives frequency response results which are
consistent with expected behavior.

The frequency response of a reactor at low fre-
guencies is essentially space-independent, but it
is very sensitive to reactor criticality.

The magnitude and phase of the frequency response
at or near the position of the oscillator exhibit
a resonance effect at high frequencies.

The frequency response shows a greater magnitude
attenuation and phase shift as the detector is
moved away from the oscillator.

When the detector position is far from the oscilla-
tor, a consistent value of the B/A frequency break

in the magnitude response curve is obtained.

The following conclusions apply specifically to a

coupled-COre reactor:

1.

At positions far from the oscillator, the fast-
neutron-group frequency response is dependent on
the slow-neutron-group oscillation at that point
instead of the fast-group perturbation from the

oscillator.
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A slower fast-neutron-group speed causes more

phase shift as the detector is moved away from the
oscillator and the frequency is increased.

At posiﬁions far from the oscillator, the frequency
response is strongly dependent on the coupling re-
gion width.

For a fixed oscillator position, the frequency re-
sponse shows definite spatial-dependent behavior at
the different detector positions; and at a fixed de-
tector position, the frequency response shows a def-
inite dependence on the oscillator position.

With the model used in this study, inflection points
occur in the magnitude response curves at detector
positions D and E with the oscillator at positions

1 or 2 at a frequency of ~ 2000 rad/sec; and these
inflection points become more pronounced as the
coupling region width is increased. Increasing the
slow-neutron-group speed shifts these inflection
points to higher frequencies, which indicates that
the inflection is a slow-group phenomenon; and since
the inflection points occur only at positions D and
E, this indicates that they are caused by an inter-
action between the two cores. The response at posi-
tion E seems to be merely the attenuation of the

effect originating in the north core.
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VII. SUGGESTIONS FOR FURTHER WORK

The following suggestions are made for possible future

work:

1. Extend the Green's function solution technique de-
veloped here to include more neutron energy groups.
A possible means of doing this might be to use the
concept of a Green's matrix (11).

2. Other parameters of the coupled-core reactor could
be investigated for their effect on the frequency
response, such as fuel enrichment and moderator ma-
terial. Also, it would be interesting to examine
the effects of greater coupling region widths on
the sink effect.

3. Develop a model specifically for determining the
frequency response near the frequency of the mag-
nitude response inflection point.

4. Obtain experimental data to determine the spatially
dependent frequency response at high frequencies
(> 1000 rad/sec) in order to check the analytic
results.

5. Apply the Green's function solution technique de-

veloped here to other reactor types, not necessarily

only coupled-core reactors.
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X. APPENDIX A: DESCRIPTION OF THE UTR-10 REACTOR

The University Training Reactor-10 (UTR-10) is a light
water moderated and cooled, graphite reflected, two-core re-
actor which is licensed for operation up to a power of 10
kilowatts.

The reactor is fueled with about 3 kilograms of fully
enriched uranium (greater than 93% U-235) which is approxi-
mately evenly divided between the two cores. The uranium
is arranged in fuel elements consisting of 12 aluminum-clad
fuel plates each. There are 12 such fuel elements, which
are positioned in two parallel core tanks (six elements in
each tank) with the dimensions 5 in. by 20 in. by 24 in.
These core tanks are embedded in a stack of graphite 44 in.
by 56 in. by 48 in. and are separated by a graphite coupling
region approximately 18 in. thick. Each core is itself sub-
critical, and criticality is achieved only by the eXchange
of neutrons between the cores through the coupling region.
Deionized light water, which serves as both coolant and
moderator, is circulated through each fuel element.

The reactor is controlled by varying the vertical
position of four control rods containing boral (two safety
rods, one shim rod, and one regulating rod) located in the
graphite reflector adjacent to the core tanks. During nor-
mal operation the safety rods are fully withdrawn, and the

power is controlled by positioning the shim and regulating



77

rods from the control console. When the reactor is scrammed,
shutdown is achieved by the rapid injection of the safety
and shim rods into the reflector and the rapid drainage of
the water from the core tanks.

Figure A.l1 illustrates the relative positions of the
various reactor components and also shows some of the

access ports to the core region.
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XI. APPENDIX B: DERIVATION OF THE TWO GROUP

EQUATIONS FOR THE UTR-10 MODEL

To obtain the complex, two group equations for the UTR-
10 model, the method of Cohn et al. (12) was used.
The basic twovgroup diffusion equations with one group

of delayed neutrons are (in one dimension)

a2 1 3%
X F
2 ag .
d _ 1 S
Dsc.l 9 - Z 85 + L% T TR (B.2)
b4 S
: - 3C
vigiBPs - NC = 3% | (B.3)
where
¢f = fast neutron flux
¢S = slow neutron flux
D, = fast diffusion coefficient
DS = slow diffusion coefficient
Zr = fast removal cross section
Za = slow absorption cross section
v = number of neutrons per fission

slow fission cross section
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= delayed neutron fraction

C = delayed neutron precursor density

A = delayed neutron precursor decay constant
vp < fast neutron group speed

vg = slow neutron group speed.

Assuming a small perturbation in Za,

> =

a
then

Bp =

By =
and

C =
Zao' ¢Fo' ¢éo’

%a0 ~ A2y

Ppo * A%

¢So + A¢é

Co + AC

(B.4a)

’

(B.4Db)

(B.4c)

(B.44d)

and C, are the steady-state values. Substi-

tuting Equations B.4 into Equations B.l, B.2, and B.3 yields

2
d , .
Dp—5{Bpg + 08p) = S (Fp o+ adp) + vEg; (1~ B (Bg + ndg)

+ X(C04-AC) =

2

(g, + D)
;,1— Fo 1 (B.5)
F

d
Dsgx—i(¢So+A¢S) - (25~ a%,) (Bg, + A8g) + Zr(¢FO+A¢F)

Vs

1 8 (Bg, + £%g)

(B.6)

ot
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a(coa-Ac)
vZgi B (Fgo T afg) - NMCo+AC) = ——F— . (B.7)
Noting that the steady-state parts of these equations sum to
zero and assuming the product AzaA¢So is negligibly small

results in

1 0%
(1-B)adg + MC = 3= —¢ (B.8)

2
a-
DFdx2A¢f - ZrA¢f T vaigig

&

2 1 GYN%]

a _ S
Dsdx2A¢s - ZaOA¢S + Aza¢So + ZrA¢f " g e (B.9)
_3AaC
vigjfady - MaC = = . (B.10)

Considering the case where the perturbation in Za is provided
by a neutron absorber oscillator so that Aza can be con-
sidered sinusoidal and localized to a plane in the reactor,

Aza can be written as

Aza = 5(x-x’)|&§a]e3wt ; (B.1l1la)
and thus,
M = A¢F(x,w)e3“’t . (B.11b)
A¢s = A¢S (xlﬂ))ejwt ’ (B-llC)
and
~ . t
AC = AC(x,0)eI®% (B.114)
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where

x’ location of oscillator in reactor,

1

w frequency of oscillator,

~and A¢;, APy, and AC are the complex amplitudes of AL, AZs.
and AC respectively. Substituting Equations B.1ll into Equa-
tions B.8, B.9, and B.1l0 and dividing out the common factor

ert yields

D a® - - 9 g jaﬂgF
Fdx2A¢F - Z.AFp + vIig;(1-B)afg + AaC = (B.12)
F
d2 a - , a ij¢S
Dsdx2A¢S - I ABy + 8(x-X") AT _|Bg + A= v (B.13)
vZfiSBA¢S - MC = joaC . (B.14)

Solving Equation B.1l4 for AC and substituting into Equation

B.1l2 yields

2 A A N VAZ . B~ Jopd,
g —fis” - F
DF3 2A¢f - ZrA¢f * szis(l-B)A¢é + A+ jo Mg = Vo °

(B.15)

Thus, the flux changes Abf and Abs can be determined by
solving simultaneously Equations B.l3 and B.l1l5. However,
since the UTR-10 has distinct fuel and moderator regions,
the coefficients of Abé and Abs are variable. Thus, in order

to retain the much simpler constant coefficient type of
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equations, it is necessary to write a corresponding set of
two equations pertaining only to the fuel regions and another
set of two equations pertaining only to the moderator regions.
~ In this way, solutions for the fast and slow f£lux changes in
the fuel and moderator regions are obtained separately and
then matched at the region interfaces with the continuity
conditions on the fluxes and currents.

Letting the subscript £ denote a fuel region and the
subscript m denote a moderator region and considering the
oscillator to be in a fuel region, the equations for the

fuel regions are (from Equations B.1l3 and B.1l5)

24\ ~ -~
d
Pre 20%s — SrepfPps ¥ Vigs o (1-P) 00
V)\.Z-BA A
fis _Jw
TR jo Mse = T 0% (B.16)

2 o] A
_@_.._ ’ 3
Dse5,50%f = ZaoehPsr + 8 (xx') [AZ4¢|F50e

o - ey
*IpetPpe = Y Mse (B.17)

and the equations for the moderator regions, where there is
no production of neutrons, are
20\ ~

g _ Jw
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2 A N

a7 ¢ - o]
Dsmdx2A¢ém - ZamA¢Sm + ZrmAgFm - VSA¢Sm * (B.19)

In order to account for neutron leakage through the top,
bottom, and two sides of the reactor, the neutron fluxes are
assumed to satisfy the wave equation in the y and z directions.

Therefore, in the y direction,

2 2
g—% + B4 = 0 or §~% = -B%g ;
dy Y dy Y

and thus, the leakage in the y direction

L4

dy2
is equal to -DB§¢. Similarly, the leakage in the z direc-

tion is —DB§¢. Thus, the total transverse leakage is

2 2\ w2 2 _ .2 2 .
_D(BY + BZ)¢ = -DBt¢, where B = BY + B is the total trans-

verse buckling. To account for this transverse leakage, the
loss terms in Equations B.1l6-B.19 are modified as shown

below:

2 ~ A 3 ~
a” 2 Jow
Dpg dx2A¢Ff - (Z.¢ + DpgBylalpe - VFA¢Ff

V>\ij.ss "

+ Vg (1-Plafge + —Rﬁrjzrﬁﬁsf = 0 (B.20)
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2 ~ ~ : A ~
d 2 Jw
D¢ dx2A¢Sf - (S 0f + DgeBy)aPge - VSA¢Sf + Zoe0Prs

+ 6(x'x')(AZafl¢éof = 0 (B.21)
D —gﬁ-zﬁ -(z_+D Bz) A¢ -j—“"}d = 0 (B.22)
FmdxzA Fm rm Fm t’A%Fm vFA Fm *
D d—z';b (>_._+D B2)A¢ —196525 + A¢ =0
SmdxzA Sm~ ‘“am sm-t’A%sSm vSA Sm rml¥Fm T *
(B.23)

With this formulation it is convenient to define "effective"

cross sections; i.e.

_ 2
ere - er + DFth !
- 2
Zafe - Zaoi:' + DSf'Bt ’
- 2
zrme = 2 + DFth ’
and
> = ¥ + D B2
ame am Smt °

With these definitions, Equations B.20-B.23 are the basic
two group equations used to solve for the frequency response

of the UTR-10.
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XII. APPENDIX C: THE EQUIVALENCE OF THE FORMULATION
USED IN THIS STUDY TO THE GREEN'S FUNCTION

SOLUTION OF A FOURTH ORDER EQUATION

To simplify the arithmetic, consider a single-region,
homogeneous reactor having a width of d cm and having a
localized, sinusoidal oscillator located at some position
x’ within it. The relevant two-group equations tc consider

are then identical with Equation 46 (Section 1IV).

2 ~ Lo A
a= 2 -
a2~ x -
EX—ZMS - Kgafg + Hondp + d(x=x") = 0 (C.2)

The subscript £ has been dropped since only a single-region
reactor is being considered, but the terms have the same
meaning as the corresponding ones in Equation 46.
Solving Equation C.1 for A¢S yields
A 2h
1 (- d

Ny = B, ‘d—§A¢F+K§A¢F) . (Cc.3)
X

Substituting Equation C.3 into Equation C.2 and simplifying

yields

at - 2, .2 a% " 22 ’
EA(JF - (KF+KS);-;§A¢F + (KgKg - HiH) ) Ay - H; b (x-x")=0.

(c.4)
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Equation C.4 is a fourth-order differential equation which
can be solved by the Green's function technique outlined in
Section II.

The first condition on the Green's function requires

4 2
—d—ZG - (KF2.+K§)%G + (Kf,Kg-HlHZ)G = 0 . (C.5)
dx dx

Equation C.5 can be solved by ordinary techniques (41).

Thus, assume solutions of the form

ae®™® , x < x’ (C.6a)

G, = ce®™® |, x>x' , (C.6Db)

where Gl and G2 are the two parts of the Green's function.
Substituting the expression for Gl or G2 into Equation C.5

.and dividing out the common factor ae®** or Ceax yields

2 2, 2 2.2 _
a - (KF+KS)a + KgKg - HiH, = o .

a” = 1/2[(K§+K§) t«/(K§+K§)2 - 4(K§K§-H1H2)] ’

and the four values of g are
1/2

a; = [1/2(K,§+ Kg) + 1/2.\/(K§+ Ké)2 - 4(K§K§- HyH,) ]

(c.7)
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1/2
ag = [1/2(K§ + Kg) - 1/2.\/(K}% + Kg)z— 4(K§K§ - HyH,) ]

(c.9)

(c.loﬁ

CC4 = "‘CI3 .
These values of ¢ are identical with those found in Section

IV (Equations 28-31). Thus, the solutions for Gy and G,

(Equations C.6) become

e , X < x’ (c.11la)

e + C.e + C3e + C4e , X > x' . (Cc.11b)

The relevant homogeneous boundary conditions for Equa-
tion C.4 can be obtained from the homogeneous boundary con-

ditions of Equations C.l1l and C.2. These conditions are

A'}sz(o) = 0 (C.12a)
z§¢s<0) = 0 (C.12b)
£¢F(d) = 0 (C.13a)
L;%(d) = 0 . (C.13D)

Substituting Equations C.12 into Equation C.1 yields
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a2 ¢
AP, (0) = 0 , (C.14)
32N F

and substituting Equations C.l1l3 into Equation C.1l yields

2 A

a
==Ad (d) = 0 . (Cc.15)
a2 F

Thus, Equations C.l2a, C.1l3a, C.1l4, and C.15 are the rele-
vant homogeneous boundary conditions for Equation C.4.

The second condition on the Green's function requires

Gl(O) = 0 (C.16)
. (o) (C.17)
—=G, (0 = 0 C.17
ax? 1

Gz(d) = 0 (Cc.18)
32

dx

The third condition on the Green's function requires

Gl(X’) = G2(X') (c.20)
dG. (x') aG, (x’)

1 _ 2

- L (c.21)

2 2

acGg, (x’) acc. (x’)
1 B 2

—— = —— . (c.22)

dx dx
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The fourth condition on the Green's function requires

3 ’ 3 ’
4 G2(x ) d Gl(x )

dx> ax>

==-1 . (c.23)

Equations C.16-C.23 are the eight conditions needed to
solve for the eight independent constants in Equations C.11.
Applying these eight conditions to Equations C.ll yields the

following set of simultaneous, algebraic equations:

Gl(O) = A F A+ A+ A= 0 (C.24)

2
a 2 2 2 2
5;561(0) = Aja] + Ajas + Ajzay + Ajay = 0 (c.25)
a ald azd a3d a4d |
G2( ) = C;e + Cye © £ Cze + Cye =0 (C.26)
2 a.d a.,d a,d a,d
a _ 1 2 3 2 949
E;EGz(d) Ciaje = +Chaze = +Czaze = +Cpaye = =0
(c.27)
Gl(x') = Gz(x') corresponds to
a,x’ a,Xx’ a,x’ a,x’ ax’ a,x’
1 2 3 4 _ 1 2
Ale + Aze + A3e + A4e = Cle + C2e
[ x’ o x’
+ Cje 3 4 Cye 4 (c.28)

dGl(x ) _ dGZ(X )
dax - dx

corresponds to
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e (C.29)

a%, (x')  ae,(x’)
= corresponds to

ax? ax?
2 @1%’ 2 G g a3%’ agx’
Alale + A2aze + A3a3e + A4a4e =
g ap¥ g %’ g 3% o agx’
Clale + C2a2e + C3a3e + C4a4e (Cc.30)

3 ’ 3 '
d G2(x ) d Gl(x )

= -1 corresponds to

ax> ax>
3 apx’ 3 0% 3 A%’ 3 0 X’
Clale + Czaze + C3a3e + C4a4e -
4 ’ 4 14
3 4% 3 3% 3 a3¥ 3 g%

(c.31)

The solution of Equations C.24-C.31 will yield unique

values for Al--A4 and Cl—c4.

The solution for Aﬁf is then [since the driving function

is -Hpb(x-x") ]
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or for x < x',
e = -HiGy (c.32a)
and for x > x’,
Ny = -H;G, . (C.32Db)
From Equation C.3, the solution for A¢S is:
for x < x’,
. del 5
AB. = - K5G , (c.33a)
s 2 KpG;
and for x > x’,
. a2
_ 2 2
MWy = —5= - K6, - (c.33b)
dax

The formulation used in this study also starts with

Equations C.l and

C.2. These equations can be rewritten

in matrix form as follows,
2 ~
- d 2 Tr n - -
ol F H P 0
+ (c.34)
n, 4 _w2||ag 5 (x-x")
2 2 s {14

e dx ™~ I - hoo -l
which merely returns them to the form of Equation 46. Thus,
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the Green's function solution to Equation C.34 is identical

to that of Equation 46; that is (Equations 48 and 49),

for x < x’,

- a1 a ¥ agX ayX
A¢? = GFl = Ule + Uze + U3e + U4e (Cc.35a)
'b alX a2X ag¥ A yX

= = e
29y = Ggy= S,Uje + 8,0, + 53Uqe + S,V e , (C.35Db)
and for x > x’,
N alx szx a3X a4X )
A¢F = Gp, = Vje + V,e + Vye + Vye (c.36a)
~ alx o;2x ();3}{ a4X
A¢s = Gg, = 5;V;e +5,V,e + 8,;V3e +8,V,e , (c.36Db)

where the values of ¢ are identical with Equations C.7-C.10

and §,-S, are the coupling coefficients (Equation 33)
2
Kgp - ay
S, = ——m—— i=1,2,3,4 . (c.37)

Equations C.35 and C.36 fulfill the first condition on the

Green's function.
Continuing with the method as proposed in this study,

the second condition on the Green's function requires

GFl(O) = 0 (c.38)

Gsl(O) = 0 (C.39)
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GFz(d) = 0 (C.40)

Gsz(d) = 0 . (C.41)

The third condition on the Green's function requires

GFl(x') = GF2(X') (C.42)

G., (x') = Gsz(x’) . (C.43)

Si

The fourth condition on the Green's function requires

F2 Fl — 't
- = 0 (Cc.44)
dG dG
S2 si _ _
- = -1 . (C.45)

Equations C.38-C.45 are the eight conditions needed to
solve for the eight independent constants in Equations C.35
and C.36. Applying these eight conditions to Equations C.35
and C.36 yields the following set of simultaneous, algebraic

equations:

GFl(O) = U; + 02 + U3 + U, = 0 (C.486)

0) = S,U, + 8, U, + S.U, + S u, = 0 . (C.47)

Ggy ¢ 1Y1 272 3Y3 4

Substituting the values of the Si into Equation C.47 yields

2 2 2 2 2 2 2 2
EF__:__(_I_J:U 4 _KF_._:_Cc_g.U + KF_——E.%U + _K_F._-.-_C_I_%U — 0 (C 48)
Hl 1 Hl 2 Hl 3 Hl 4 - T
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Simplifying Equation C.48 yields

2 2 2 2 _
Ujay + Usay + Uga3 + Ugay = 0 . (C.49)
ld azd a3d o:4d
GFZ(d) = Ve +V,e + Ve + v,e =0 (c.50)
ald a2d ayd a,d
Gsz(d) = 5,V e +8,V,e +8;V;5e +5,V,e = 0 . (C.51)
Substituting the values of the Si into Equation C.51 and
simplifying the result yields
a a~d a~,d a,d
2 11 2 %2 2 43 2 34
Viaje + Voane +Viyaze +Vya e = o . (c.52)
GFl(x ) = GFz(x ) corresponds to
foi x’ a x’ a x’ o x’
1 2 3 4 _
Ule + U2e + U3e + U4e =
o1 x’ a x' a x’ o x’
1 2 3 4
vie + Vye + Vie + Vye . (c.53)
Gsl(x’) = ng(x') corresponds to (after substituting for the

S; and simplifying)

. (c.54)
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’ ’
dG. . (x’) dGFl(x )

FZ( - = 0 corresponds to
ax ax = : p

dGSz(x') dGSl(x')
dax - ax

=-1 corresponds to (after substituting

for the S, and simplifying)

3 a1%’ a X 3 a3*¥ 3 Ag%
Vlo;le + Vzaze + V3a3e + V4a4e -
3 a1¥’ 3 G % 3 a3%’ 3 agx’
Ulale - U20:2e - U3a3€ - U4a4e = Hl . (C.56)

This set of equations, Equations C.46, C.49, C.50, C.52-
C.56, is identical in form to the set - Equations C.24-C.31 -
except that Equation C.31 differs from Equation C.56 by a
multiplicative factor of —Hl. This means that the set of
constants U, and V, (i =1,2,3,4) will differ from the set
of constants A, and C, (i =1,2,3,4) by only a multiplicative

factor of -Hl.

Following the formulation in this study, for x < x’,

~

A¢F = GFl ’ (C.57a)

and for x > x’,

~

6Pp = Gpy (C.57b)



97

and since Ggp; = -H,G; and Gp, = - HyG,. the values for A¢F

found here are identical to those found from solving the
fourth-order equation (Equation C.4).

Also, in this formulation, for x < x’,

~ alX qzx Q;3x a4x
A8y = Ggy = 5;Uje + 8,U,e + S3Uze + s,U e

or (substituting for the Si)

2 2 2 2 2 2
‘Q = EE—:—E-]-'-U ealx + EE—:—EQU ea2X + EE—-:—-Ci—%U ea3X
A¥Pg = TH 1 H 2 H 3
1 1 1
Kg - “i ay%
+ —U e . (c.58a)
Hy 4

and similarly, for x > x’,

-~ Kg,—az a.X Kfz,-az a~X Kz—az a~-X
g. = E_ Ly o1 E 2y 2, B 3y .03
A¥g H 1 H 2 H 3

1 1 1

2

K. - a oA X
+ B T4y o4 (C.58Db)
Hy 4

The solution obtained for A¢S from the fourth-order equation

is (Equations C.33): for x < x’,

. d2Gl R
A¢ - —— G
S ax? F1

or (substituting for Gy and carrying out the indicated

operations)
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X X

X

2 2 a1 2 2 %o 2 2 a3
Aﬁs = (a] - Kglase + (a5 - Kplase + (a3 - Kg)Age

Q4 X
+ (aZ - K;)A4e 4 , (c.59a)

and similarly, for x > x’,

X X

ayX

a a
APy = (af - Ké)cle + (ag - Kg)cze >+ (ag - Ké)cse >

2 2 agX
+ (ay - Kz)Cye . (C.59D)
As previously noted, the Ui and Vi differ from the Ai
and Ci by only a multiplicative factor of -Hl. Thus, if

~-H Ai is substituted for Ui in Equation C.58a and —HlCi is

1
substituted for Vi in Equation C.58b, it is easily seen
that Equations C.58 and C.59 are identical.

Thus, the formulation used in this study is completely

equivalent to the solution of the related fourth-order dif-

ferential equation.
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